Abstract. In this paper we construct an infinite family of paramodular forms of weight 2 which are simultaneously Borcherds products and additive Jacobi lifts. This proves an important part of the theta-block conjecture of GritsenkoPoor-Yuen (2013) related to the only known infinite series of theta-blocks of weight 2 and q-order 1. We also consider some applications of this result.
Introduction
Paramodular forms are Siegel modular forms of degree two with respect to the symplectic group Γ t of elementary divisors (1, t), the paramodular group. There are two ways to construct paramodular forms from Jacobi forms. The first one is the Jacobi lifting due to Gritsenko (see [6] and [5] ) which lifts a holomorphic Jacobi form to a paramodular form. The second method is the multiplicative lifting (Borcherds automorphic product, see [1] , [2] ) in a form, proposed by Gritsenko-Nikulin in [12] , which lifts a weakly holomorphic Jacobi form of weight 0 to a meromorphic paramodular form. In [14] , V. Gritsenko, C. Poor and D. Yuen investigated the paramodular forms which are simultaneously Borcherds products and Gritsenko lifts.
Let f : Z ≥0 → Z ≥0 be a function with a finite support. We define pure theta block (see [15] )
(ϑ a (τ, z)/η(τ ))
as a finite product of the Jacobi theta-series ϑ a (τ, z) = ϑ(τ, az) divided by the Dedekind η-function η(τ ) = q 1 24
n≥1 (1 − q n ), where
is the odd Jacobi theta-series which is a Jacobi form of weight 1 2 and index 1 2 with a multiplier system of order 8 (see [12] ). In general, Θ f is a weak Jacobi form of weight f (0)/2 of index N = 1 2 a 2 f (a) with a character. This is important that for some functions f the theta block is holomorphic at infinity as Jacobi modular form (see the general theory on theta blocks in [15] ). In this way one gets the most important holomorphic Jacobi forms of small weights. The following conjecture was proposed in [14] .
Theta block conjecture. Let the theta block Θ f be a holomorphic Jacobi form of weight k and index N and vanishing order one in q = e 2πiτ . We define a weak Jacobi form Ψ f = −(Θ f |T − (2))/Θ f of weight 0 and index N , where T − (2) is the index raising Hecke operator. Then
is a holomorphic symmetric paramodular form of weight k with respect to Γ + N . This conjecture gives a characterization of paramodular forms which are simultaneously Borcherds products and Gritsenko lifts. The conjecture was proved in [14, §8] for all known series of theta blocks of weights 3 ≤ k ≤ 11. The last known infinite series is the theta blocks of weight 2 of type 10−ϑ 6−η found in [15] : φ 2,a = ϑ a1 ϑ a2 ϑ a3 ϑ a4 ϑ a1+a2 ϑ a2+a3 ϑ a3+a4 ϑ a1+a2+a3 ϑ a2+a3+a4 ϑ a1+a2+a3+a4 η 6 ∈ J 2,N where a = (a 1 , a 2 , a 3 , a 4 ) ∈ Z 4 and N = 2a This theorem was announced in [16] with the main idea of the proof. In the paper we give its complete proof and present some applications.
Modular forms and lifts constructions
Let N be a positive integer. The paramodular group of level (or polarisation) N is a subgroup of Sp 2 (Q) defined by
For N > 1, we shall use the following double normal extension
This group acts on the Siegel upper half plane of genus 2 
where q = exp(2πiτ ), ζ = exp(2πiz), ξ = exp(2πiω). Then we have the equality
, which yields c(n, r, m) = (−1) k+ǫ c(m, r, n). When k + ǫ is odd (even), F is called antisymmetric (symmetric). We remark that F is a cusp form if and only if c(n, r, m) = 0 unless 4nmN − r 2 > 0. The Fourier-Jacobi coefficient φ mN ∈ J k,mN is a holomorphic Jacobi form (see [4] and the more general Definition 3.1 below).
We introduce the additive lifting which is completely determined by its first Fourier-Jacobi coefficient. Let φ(τ, z) ∈ J k,N . The index raising Hecke operator T − (m) is defined as follows
We have
where
n is the Eisenstein series of weight k on SL 2 (Z). Moreover, if φ is a Jacobi cusp form then Grit(φ) is a paramodular cusp form.
The paramodular forms Grit(φ) are always symmetric. We now describe the second lifting, the Borcherds automorphic product (see [1] and [2] ) in a form proposed by Gritsenko and Nikulin (see [12] ). The Borcherds automorphic product is defined by the first two Fourier-Jacobi coefficients. 
The character χ Ψ of the paramodular form is generated by the character (or the multiplier system) of the theta block in Borch(Ψ) and the character χ k+D0 N .
The automorphic product Borch(Ψ) is uniquely defined by the first two FourierJacobi coefficients. The first factor in (2.4) is a mixed (meromorphic) theta block Θ defined by the q 0 -part of the Fourier expansion of Ψ. The second one is the product −ΘΨ. If Grit(φ) is a Borcherds automorphic product, then φ = Θ and φ|T − (2) = −ΘΨ. Thus, we conclude that φ is a mixed theta block and Ψ = −(φ|T − (2))/φ. Furthermore, we can show that φ has exactly vanishing order one in q = e 2πiτ otherwise the constant term c(0, 0) in the Fourier expansion of −(φ|T − (2))/φ will be greater than 2k (see [19, Proposition 7 .2] for a proof).
In [7] and [14] the conjecture was proved for the quasi-products of theta-functions
∈ N, and for the products of three theta-quarks
where θ a,b = ϑ a ϑ b ϑ a+b /η is a holomorphic Jacobi form of weight 1 with a character of order 3 (see [3] and [15] ). The main idea of the proof of the conjecture for the mentioned above theta blocks is the following. The odd theta-function ϑ(τ, z) vanishes with order 1 for τ = λz +µ for any λ, µ ∈ Z. Therefore we know the divisor of the theta block Θ f of q-order one. The Hecke operator T − (m) keeps this divisor of the Jacobi form. Therefore we know a part of the divisor of the lift of Θ f . According to Theorem 2.3, the divisor of Borch(Ψ) is determined by the singular Fourier coefficients c(n, r) with 4nN −r 2 < 0 of Ψ where N is the index of the Jacobi forms Θ f . By the construction, Grit(Θ f ) vanishes on the divisors determined by q 0 -term of Ψ. If Borch(Ψ) does not have other divisor then Grit(φ)/ Borch(ψ) is a holomorphic modular form of weight zero equal to constant by Köcher's principle. Unfortunately, Borch(Ψ) usually has additional divisors determined by singular Fourier coefficients from the higher q nterms. In order to pass through this difficulty, we represent Θ f as a pull-back of a Jacobi form Θ L in many variables associated to a certain positive definite lattice L. Since Jacobi forms in many variables have stronger symmetry, the function
may have much simpler singular Fourier coefficients such that the divisor of Borch(Ψ L ) are determined only by q 0 -term of Ψ L . In the next section we give the corresponding definitions and results in the case of many variables.
Orthogonal modular forms and Jacobi forms of lattice index
We start with the general setup. Let M be an even lattice of signature (2, n) with n ≥ 3. Let 
We assume that M contains two hyperbolic planes and write 
In this setting, a Jacobi form is a modular form with respect to the Jacobi group Γ J (L) which is the parabolic subgroup preserving the isotropic plane F and acting trivially on L. This group is the semidirect product of SL 2 (Z) with the Heisenberg group H(L) of L (see [6] and [3] ). Let L ∨ denote the dual lattice of L and rank(L) denote the rank of L. We define Jacobi modular forms with respect to L.
called weakly holomorphic Jacobi form of weight k and index t associated to L, if it satisfies the functional equations
x, y ∈ L and it has a Fourier expansion
where n 0 ∈ Z, q = e 2πiτ and ζ ℓ = e 2πi(ℓ,z) . If the Fourier expansion of ϕ satisfies the condition (f (n, ℓ) = 0 =⇒ n ≥ 0) then ϕ is called weak Jacobi form. If (f (n, ℓ) = 0 =⇒ 2n − (ℓ, ℓ) ≥ 0) (respectively > 0) then ϕ is called holomorphic (respectively, cusp) Jacobi form.
k,L,t ) the vector space of weakly holomorphic Jacobi forms (respectively, weak, holomorphic or cusp Jacobi forms) of weight k and index t. We note that the Jacobi forms in one variable J k,N considered in the previous section are identical to the Jacobi forms J k,A1,N for the lattice A 1 = 2 of rank 1.
The Jacobi lifting and Borcherds product of Jacobi forms in many variables are very similar to the case of one variable. Let ϕ ∈ J ! k,L,t . For any positive integer m, we have
and the Fourier coefficients of ϕ| k,t T − (m)(τ, z) are given by the formula
is a modular form of weight k for the stable orthogonal group O + (2U ⊕ L(−t)).
Moreover, this form is symmetric i.e. Grit(ϕ)(τ, z, ω) = Grit(ϕ)(ω, z, τ ).
We fix an ordering ℓ > 0 in the lattice L > 0 in a way similar to positive root systems.
Theorem 3.3 (see [8] for details). Let
Assume that f (n, ℓ) ∈ Z for all 2n − (ℓ, ℓ) ≤ 0. We obtain a meromorphic modular
is a mixed theta block. The character χ is induced by the character of the thetaproduct and by the relation χ(V ) = (−1) D , where V : (τ, z, ω) → (ω, z, τ ), and D = n<0 σ 0 (−n)f (n, 0).
The poles and zeros of Borch(ϕ) lie on the rational quadratic divisors
is a primitive vector with (v, v) < 0. The multiplicity of this divisor is given by
. The same function has the following infinite product expansion
Remark. We can write the divisors of the theorem in a way similar to Theorem 2.3. According to the Eichler criterion (see [6] 
is uniquely determined by its norm (v, v) and by the image of v in the discriminant group of 2U ⊕ L(−1). Therefore, there exists (0, n, ℓ,
It is known that Fourier coefficient f (n, ℓ) of ϕ ∈ J ! k,L,t depends only on the hyperbolic norm 2nt − (ℓ, ℓ) of its index and the class of ℓ ∈ L ∨ modulo tL (see [12] ). The divisor of the Borcherds product in Theorem 3.3 is determined by the so-called singular Fourier coefficients f (n, ℓ) with 2nt − (ℓ, ℓ) < 0. There are only finite number of orbits of such coefficients. To find all of them, we have to consider f (n, ℓ) with n ≥ 0.
We say that the lattice L satisfies the condition Norm 2 (see [9] and [13] ) if
and L satisfies the condition Norm 2 , then the singular Fourier coefficients of ϕ are determined entirely by its q 0 -term.
Proof. We note above that f (n, ℓ) depends only on 2n − (ℓ, ℓ) and ℓ mod L. Suppose that f (n, ℓ) is singular, i.e. 2n − (ℓ, ℓ) < 0. There exists a vector
, then there exists a negative integer n 1 satisfying 2n − (ℓ, ℓ) = 2n 1 − (ℓ 1 , ℓ 1 ). Thus, there will be a Fourier coefficient f (n 1 , ℓ 1 ) with negative n 1 , which contradicts the definition of weak Jacobi forms.
Many examples of the lattices of type Norm 2 were found in [9] and [13] by construction of reflective modular forms. We prove below that A ∨ 4 (5) is also a lattice from this class.
By definition, A n = {(a 1 , . . . , a n ) ∈ Z n : a 1 + · · · + a n = 0}. We fix the set of simple roots in 
The fundamental weights of A 4 are the vectors
So (α i , w j ) = δ ij and A As a 5-group, D is the bouquet of 31 cyclic subgroups of order 5. In the standard representative system, ten of them are generated by 2) In the standard system, O(A ∨ 4 (5)) acts transitively on the set of classes of the same norm.
3) The natural homomorphism O(A ∨ 4 (5)) → O(D) is surjective. We construct a reflective modular form for the lattice 2U ⊕ A ∨ 4 (−5). For that we consider the Kac-Weyl denominator function Φ A4 of the affine Lie algebra of type A 4 (see [17] , [8] )
is the set of positive roots of A 4 defined in (3.7). It is easy to check that Θ A4 is a weak Jacobi form of weight 2 and index 1 for the lattice A ∨ 4 (5) (see [8] for the case of any root system). Moreover, it is anti-invariant under the action of the Weyl group W (A 4 ) and invariant under the action of C 2 . From [17] it follows that Θ A4 (τ, z) is holomorphic but we do not need this fact here.
In the dual basis z = z 1 w 1 + z 2 w 2 + z 3 w 3 + z 4 w 4 ∈ A 4 ⊗ C, z i ∈ C, we have
where ϑ(z) = ϑ(τ, z). Next, we define a Jacobi form of weight 0
(3.10)
The Fourier expansion above contains all types of singular Fourier coefficients of the weak Jacobi form of weight 0 according to Lemma 3.5. Therefore, the corresponding Borcherds product Borch(Ψ A4 ) is a holomorphic modular form of weight 2 with
). Its first Fourier-Jacobi coefficient is equal to Θ A4 . Thus, Θ A4 is holomorphic Jacobi form of weight 2. Moreover, the modular group of Borch(Ψ A4 ) is defined by Θ A4 . According to Lemma 3.6
, and its divisor is equal to (3.11) 
, and it has reflective divisor (3.11). The character χ 2 is of order 2 and defined by the relations
is a reflective modular form of singular weight and has been constructed by N. Scheithauer in another way (see [21] ). Scheithauer constructed this function at the zero-dimentional cusp related to U ⊕U (5)⊕A 4 using the lifting from scalar-valued modular forms on congruence subgroups to modular forms for the Weil representation of SL 2 (Z). By [18, Corollary 1.13.3], we conclude
, because the two lattices belong to the same genus. Our construction corresponds to the one-dimensional cusp related to the decomposition 2U ⊕ A ∨ 4 (5) and it gives the additive Jacobi lifting of this reflective modular form. ). This is a new example in a rather short series:ĝ(A 1 ) (see [12] ),ĝ(4A 1 ) andĝ(3A 2 ) (see [7] ), g(A 2 ) (see [11] ). Twenty three root systems of Niemeier lattices are also this type of examples (see [8] ).
4. Applications 4.1. The proof of Theorem 1.1. Now we can prove the main result of the paper that the theta-block conjecture is true for the theta blocks of type 10−ϑ 6−η . We obtain Theorem 1.1 as a particular case of Theorem 3.7. We take the specialisations of the identity of Theorem 3.7 Grit(Θ A4 ) = Borch(Ψ A4 ) for (z 1 , z 2 , z 3 , z 4 ) = (a 1 z, a 2 z, a 3 z, a 4 z). It gives the identity of Theorem 1.1.
4.2.
Explicit divisors of the paramodular forms of weight 2 and linear relations between Fourier coefficients. Our construction gives explicit formulas for the divisors of the modular forms from Theorem 1.1.
The first modular form corresponds to a = (1, 1, 1, 1 ). In this case we obtain the first complementary Jacobi-Eisenstein series E 2,25;1 = η −6 ϑ 4 ϑ 3 2 ϑ 2 3 ϑ 4 ∈ J 2,25 (see [4, §2] ). The singular Fourier coefficients of ψ 0,25 = −(E 2,25;1 |T − (2))/E 2,25;1 are represented by Sing(ψ 0,25 ) = ζ 4 +2ζ 3 +3ζ 2 +4ζ +4. Thus the divisor of Grit(E 2,25;1 ) is completely defined by divisors of the theta block, i.e. the corresponding Borcherds product has no additional divisor.
When the index is larger than 25, the corresponding Borcherds products have additional divisors in general and the additional divisors will yields certain relations between Fourier coefficients of theta blocks. We first recall one example in [14] . Let a = (1, 1, 1, 2) , we get φ 2,37 = η −6 ϑ 3 ϑ The coefficient q 6 ζ 30 determines the divisor which does not appear in the theta block φ 2,37 . We call it the additional divisor of Grit(φ 2,37 ). This is the last term in the formula for the full divisor of Borch(ψ 0,37 ): The fact that Grit(φ 2,37 ) vanishes on the additional divisor is equivalent (see [14, Page 170] ) that the Fourier coefficients of φ 2,37 satisfy the linear relation (4.1) ∀n, r ∈ Z, a∈Z c 6a 2 + na, 30a + r; φ 2,37 = 0.
Next, we establish similar relations for other Jacobi forms of weight 2 and small indices. We know from [4] Any sublattice of Λ 24 with property Norm 2 produces a strongly 2-reflective modular form. This is the pull-back of the Borcherds reflective modular form Φ 12 ∈ M 12 (O + (II 2,26 ), det) (see [13, Theorem 4.2] ). According to Lemma 3.5 we obtain a new example of reflective modular form. Proof. See a general construction of Lorentzian Kac-Moody algebras by 2-reflective modular forms in [13] . Proof. One can use the automorphic criterion proved in [9] . We note that this modular variety can be considered as a moduli space of lattice polarized K3 surfaces.
4.4.
Quasi pull-backs. We proved the main theorem using a pull-back of the reflective modular form Φ 2,A ∨ 4 (5) . In this subsection we construct more pull-backs and quasi pull-backs of Φ 2,A ∨ 4 (5) in order to obtain interesting relations between liftings of multidimensional theta blocks. Using the same arguments about quasi pull-backs as in [10] - [13] , we obtain the next proposition. 
Then the function
is a nontrivial modular form of weight 2 + 
The pull-back on any sublattice of this type commutes with the Jacobi lifting. In the coordinates fixed above we have
Therefore, Grit(Θ A4 | A3 (5) ) is a modular form of weight 2 for O + (2U ⊕ A 3 (−5)) and also a Borcherds product.
Example 4.7. The sublattice Zα 1 +Zα 3 is isomorphic to 2A 1 (5). By taking z 2 = 0 in (4.2), we get
∈ J 2,2A1,5 .
Note that dim J 2,2A1,5 = 1 and 5 is the smallest index such that there exists a nontrivial Jacobi form of weight 2 for 2A 1 . Therefore, Grit(Θ 2A1 (5) ) is a modular form of weight 2 for O + (2U ⊕ 2A 1 (−5)) and a Borcherds product.
We note that the Jacobi form Θ A4 of type 10-ϑ/6-η generates a tower of the lifts of quasi pull-backs of type 9-ϑ/3-η of weight 3 and 8-ϑ of weight 4. The theta-block conjecture for these theta block was proved in [14] based on the reflective modular forms constructed in [7] . The function considered below have less parameters than the modular forms in [7] but they are cusp forms. ) can be written in the affine coordinate as the derivative at z 2 = 0 (see [10] and [11, §8.4] ). In this particular case we have the differential operator with respect to z 4 which commutes with the Hecke operators in the Jacobi lifting. As a result we obtain the following Jacobi form of weight 3 of type 9-ϑ/3-η 
